The coupling of the tangent bundle T M with the Lie algebra bundle L ([5], Definition 7.2.2) plays the crucial role in the classification of the transitive Lie algebroids for Lie algebra bundle L with fixed finite dimensional Lie algebra g as a fiber of L. Here we give a necessary and sufficient condition for the existence of such a coupling. Namely we define a new topology on the group Aut (g) of all automorphisms of Lie algebra g and show that tangent bundle T M can be coupled with the Lie algebra bundle L if and only if the Lie algebra bundle L admits a local trivial structure with structural group endowed with such new topology.
Introduction and Preliminaries
For every transitive Lie algebroid, the adjoint bundle is a Lie algebra bundle and can be coupled with the tangent bundle of its base smooth manifold (See [5] , Theorem 6.5.1 and Definition 7.3.4). Conversely, there is a problem whether there exists a transitive Lie algebroid with a given Lie algebra bundle as adjoint bundle. Mackenzie was concerned with this problem and formulated the definition of coupling and constructed the obstruction class that depends on the coupling in order to give a criterion of existence of a transition Lie algebroid(See [5] , Section 7.2). The results from this problem are used for the description of the classifying space of transitive Lie algebroids (See [6] ). Since in [5] the coupling was assumed to exist, it is natural to consider the problem of existence of a coupling. In this paper, we show a necessary and sufficient condition for existence of a coupling of the tangent bundle T M with the Lie algebra bundle L.
In the beginning, we shall give some definitions and results about the Lie algebra and differential geometry. [2] ) Let g be a finite dimensional Lie algebra. Let Aut g denote the group of Lie algebra automorphisms of g and Der g denote the Lie algebra of derivations of g. Define the exponential map exp : Der g → Aut g by the formula
where ψ ∈ Der g. Usually we denote exp(ψ) by e ψ . [5] , [2] ) The subgroup Int g is a normal Lie subgroup of Aut g. The Lie algebra of the group Int g is ad g.
As the group Int g is a normal Lie subgroup of Aut g, there is a quotient group denoted by Aut g/Int g. Denote by q : Aut g → Aut g/Int g the corresponding quotient map. The Lie group structure of Aut g is induced from the Lie group structure of the group GL(g) (See [3] ), where GL(g) is the group of all linear isomorphisms from g to g. Due to [4] , the quotient group Aut g/Int g has the topology induced from Aut g by the quotient map q. It is well know that the topology of Aut g/Int g is not always discrete. We can add more open subsets on Aut g such that toplogy on Aut g/Int g becomes the discrete topology. Let us denote by Aut g δ the space Aut g with a finer topology such that the topology of Aut g/Int g becomes the discrete topology. In order to avoid confusion, we denote by Aut g/Int g d the space Aut g/Int g with discrete topology.
Let M be a smooth manifold and ϕ : M → Aut g be a smooth map. Let q : Aut g → Aut g/Int g be the quotient map defined above. 
where C ∈ Aut g is constant and ϕ • γ : (−ε, ε) → Int g. Then by Proposition 1.3, one has
Consider the composition
We identify T e (Aut g) with Der g and T [e] (Aut g/Int g) with Der g/adg.
Remark 1.5. In the theorem above, the condition that q•ϕ : M → Aut g/Int g is locally constant is equivalent to the condition that ϕ :
It is well know that given a vector bundle endowed with a connection, parallel transport along paths can be defined. 
Since the composition of smooth paths is piecewise smooth, we have 
where h s is a family of piecewise smooth maps, and H(s, t) is smooth in s. The map H is called a piecewise smooth homotopy.
Consider a vector bundle E → M endowed with a connection ∇ with curvature R. Through piecewise smooth homotopy, we can give some important relation between parallel transport and curvature. We denoted by P s,t the parallel transport from E hs(t) to E hs(1) through path h s and set [1] , Lemma 3.1.11) Let σ be a piecewise smooth section along a piecewise smooth homotopy H, defined as above, such that ∇ ∂t σ(s, t) ≡ 0 and ∇ ∂s σ(s, 0) ≡ 0 for all s. Then
In the case H(s, 0) and H(s, 1) are constant, then P s,0 = P hs and satisfies 
The Existence of Coupling
We denote by ad L the image of the adjoint representation 
Definition 2.3. (See [5], Definition 7.2.1) Let L be a Lie algebra bundle on a smooth manifold M . Then the quotient Lie algebroid
Since the tangent bundle of a smooth manifold is a Lie algebroid ( [5] , Section 3.3), we have following definition.
Definition 2.4. (See [5], Definition 7.2.2) Let L be a Lie algebra bundle on a smooth manifold M . A coupling of T M with L is a Lie algebroid homomorphism
. We also say that T M and L are coupled by Ξ. [6] .
Remark 2.5. The definition of coupling in [5] is more general, as Mackenzie defined coupling between an arbitrary Lie algebroid and Lie algebra bundle on the same base. Here we only consider the coupling between a tangent bundle and a Lie algebra bundle. Nevertheless, it is still worth considering the special coupling in Definition 2.4, since it is useful in describing the classifying space of a transitive Lie algebroid in
Given a Lie algebra bundle, the coupling need not always exist. An example follows. In the remainder, we will be concerned with the existence of a coupling.
Lemma 2.7. (See [5], Section 7.2) Let L be a Lie algebra bundle on a smooth manifold M with coupling
ii. 
is a Lie algebra isomorphism.
Proof. Without lose of generality, we suppose that γ : [0, 1] → M is smooth path. Let u, v ∈ L γ(0) . There are sections σ, τ along path γ such that ∇γσ = 0, ∇γτ = 0 and σ(γ(0)) = u, τ (γ(0)) = v. By Definition 1.6, P γ (u) = σ(γ(1)) and
Due to the above formula and Lemma 1.8, P γ is a Lie algebra isomorphism. Proof. By Lemma2.7, there is a connection ∇ on L with curvature
. Let x ∈ U α be arbitrary and define a smooth path
By Lemma 2.8 and the path defined above, we can define a new class of charts for L → M ,
Let us define
By (2), (3) and the definition of new charts (1), the transition function ϕ αβ : U α U β → Aut g for the new charts is
Given arbitrary x 0 ∈ U α U β and X ∈ T x0 U α U β . Let c : [−ε, ε] → U α U β be a smooth path with c(0) = x 0 andċ(0) = X.
Define
The map H is a piecewise homotopy and H(s, ·) = h s = γ c(s) , as defined in (3), for each s ∈ [−ε, ε].
Let us use P s,t to denote parallel transport over the path h s from L hs(t) to L hs (1) . Since R ∇ = ad • Ω,
By Lemma 1.10,
Since P s,0 = P hs and h s = γ c(s) , formula (4) implies we have P s,0 = ϕ αβ (c(s)). Thus
That is
∂(ϕ αβ ) ∂X · ϕ αβ (x 0 ) −1 ∈ adg. Then by Theorem 1.4, we have ϕ αβ : U α U β → Aut g δ . So the Lie algebra bundle L → M admits structural group Aut g δ .
Now let us prove the other direction. As L → M admits structural group Aut g δ , there is a class of charts {U α , ϕ α :
where
Let {h α } α∈∆ be a partition of unity corresponding to
where X ∈ Γ(T M ; M ), s ∈ Γ(L; M ), m ∈ M and the corresponding items in the sum are considered to be zero when m / ∈ U α . Let us define Ξ α :
Define a bundle homorphism Ξ :
Actually, due to the definition of Ξ α ,
for X m ∈ T m M and the corresponding items in the sum are considered to be zero if m / ∈ U α . In the case U α U β = ∅, choose arbitrary X ∈ Γ(T U α U β ; U α U β ) and section s ∈ Γ(L Uα U β ; U α U β ). Then 
